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0.1 Definition. Weak Diamond (®) is the statement that for every function
F: <¥12 — 2 there exists an h: w; — 2 such that for all : w; — 2 the set
{a <wy | F(n]a) = h(a)} is stationary.

Note that by replacing h with 1 — h, ® is equivalent to statement that for
every F': <¥12 — 2 there exists an h: w; — 2 such that for all n: w; — 2 the
set {a <wy | F(nla) # h(a)} is stationary.

Weak Diamond can be generalized to arbitrary cardinals as follows.

0.2 Definition. Given a cardinal x and an ordinal A\ of uncountable cofinality,
®% is the statement that for every F': <*2 — & there exists an h: A —  such
that for all n: A — 2 the set {a& < A\ | F(nla) = h(a)} is stationary.

Under this terminology, ® is ®Z .

Notation. For any ordinal v, for any a < 7 and any sequence of nonzero
ordinals E' = (E(i)i < 7) of length ~, let Dy (E) denote IT;<,E(i), and let

D(E) denote U<y MicaE(i). When E has the constant value v, we write

D(~) for D(E) and D, (7) for D, (FE).
The negation of ® can be generalized as follows.

0.3 Definition. Suppose that A is an ordinal of uncountable cofinality, and let
g = (i) : i < A) and ¥ = (x(4) : © < A) be sequences of nonzero cardinals.
Unif(\, i, ¥) is the statement that there is a function F' with domain D(f) such
that F'(n) € x(«a) for each n € Dy (f) such that for every h € Dy (x) there exists
an 7 € Dy(f) such that {a < A | F(nla) = h(a)} contains a club subset of A.

When [ or x are constant, we write the constant value p in place of & (and
similarly for y. So, for example, Unif(}, 2,2) is the negation of ®3.

Notation. When A is understood, (u(0), (1)) denotes the sequence of length
A whose first element is 4(0) and whose other elements are all u(1). We let
D(1(0), (1)) and D, (12(0), (1)) denote the corresponding versions of D(E)
and D, (E).



0.4 Definition. Given S C A, Unif()\, S, i, ¥) denotes the statement that there
is a function F' with domain D(fz) such that F(n) € x(«) for each o € D (fz)
such that for every h € D) () there exists an n € Dy (f1) such that

{a € S| F(nla) = h(a)}
contains a relative club subset of S.

Again, we can replace i with pg, 11, so Unif can take up to five arguments
and as few as three.

0.5 Definition. Id-Unif(A, i1, ¥) is the set of S C A such that Unif(\, S, i, x)
holds.

Note that Id-Unif(\, i, %) trivially contains all nonstationary subsets of A.
The following facts (Lemma 1.4) are straightforward.

Lemma 0.6. 1. If x(i) =1 for club many i, then Unif(\, S, i, X) holds.

2. The truth value of Unif(\, S, fi, X) is invariant under nonstationary changes
to x.

3. The truth value of Unif(\, S, i, X) is invariant under nonstationary changes
to S.

4. If Unif(X\, S, fi, X) holds, it holds for any smaller (<) x-sequence and any
larger (>) p-sequence.

5. Unif(\, S, i1, x) implies that Dx(X) has at most |Dx(f)| many equivalence
classes under equivalence modulo the nonstationary ideal restricted to S.

6. Unif(\, S, i, X) follows from the statement that for some 8 < X\, Dx(X) has
at most |Dg(f)| many equivalence classes under the nonstationary ideal
restricted to S.

The first major result of the appendix is the following (Shelah’s Lemma 1.5),
where for a sequence i = (fi(i) : ¢ < A) and an o < A we let fi[a] be the sequence
of length A whose ith element is (o +19).

Theorem 0.7. Given A\, S, fi and \ as above, and letting py = |D(f1)| and
w1 = ming <y |D(ila])|, Unif(\, S, @&, x) and Unif(X, S, po, 11, X) are equivalent.

Note that pg > p1 in the statement of Theorem 0.7. The first lemma (Fact
1.5A) towards the proof of Theorem 0.7 involves a change of u-sequence.

Lemma 0.8. Suppose that i and U are sequences of nonzero cardinals of length
A, and suppose that there is a continuous, injective, order-preserving partial
map g: D(p) — D(D) such that for every n € Dx(i1) the set of i < X\ with
nli € Dom(g) is club. Then Unif(\, S, i, X) implies Unif(\, S, 7, X).



Proof of Lemma 0.8. First note that we may assume that g is length-preserving
as well. Given F witnessing Unif(\, S, i, ¥), define F*(n) to be F(g~1(n)) for
all n in the range of g, and let F'* be defined in any manner on other n’s. Then
F* witnesses Unif(\, S, 7, X). O

Proof of the forward direction of Theorem 0.7. Let o < A be such that p; =
|D(Rla])|. Then f(i) < pq for all @ € [o, X). Let py = |Do(f)], and let (ve :
& < ) enumerate Do (). Then uf < po. Then there is a partial function
g: D(fi) — D(p0, 1) as in the statement of Lemma 0.8 with domain the set of
n € D(R) of length at least «, defined by g(vg 1) = (§) 1. O

For the reverse direction of Theorem 0.7, Shelah proves the following lemmas
(the second and third of which make up Claim 1.6), which show that it suffices
to suppose that (f(z) : 1 <7 < A) is nondecreasing.

Lemma 0.9. If there exists j < A such that (i) = 1 for all i € [j,\), then
po = |D;(R)], p1 =1, and the conclusion of Theorem 0.7 holds.

Proof. By Lemma 0.6, parts (5) and (6). O

Lemma 0.10. If (o; : i < \) is an increasing, continuous sequence of ele-
ments of X with ay = 0, and for each i < X, v; = g, <jca, B(J)], then
Unif(\, S, i, X) and Unif(\, S,7,X) are equivalent.

Proof. Translate between F’s using the natural bijection between D(f) and
D(D). O

Lemma 0.11. There exists (a; : i < A), an increasing, continuous sequence of
elements of X\ with ag = 0, such that, letting v; = My, <j<a,, 1(j)| for each
i<\, (v; 1 1 <i <) is nondecreasing.

Proof. Let k* be the least cardinal x such that {i < A | a(i) > k} is bounded
below A. Let a* < A be such that (i) < * for all ¢ € [a*, ). Let oy = a™.
There are three cases, depending on whether x* is a successor cardinal, has
cofinality A, or cofinality less than A. O

Proof of the reverse direction of Theorem 0.7. By Lemmas 0.9, 0.10 and 0.11,
we may assume that (i) < f(j) whenever 1 < ¢ < j < A. By Lemma 0.8,
we need only find a partial injective, continuous, order-preserving embedding g
from D(uop, 1) to D(ji) with the property that every n € Dy (uo, 1) has club
many initial segments in the domain of g. Let o* € [3,\) be such that for
all 8 € [a*,\), |D(n[B])] = p1. The desired function g can be defined in a
straightforward recursive manner once one sees that D(f) contains an antichain
of size pgy (consisting of elements of length at least a*, and that there is an
antichain of size p; extending each element of D(fi) of length at least a*. This
construction is relatively straightforward, alternating codes and 0’s until the
coding is done, then punctuating with two 1’s. In the first case, one starts with
v(0) and fills until o* with all 0’s. Since [ is increasing, one can always save
values for later. The second case is simpler. O



The following lemma (Shelah’s Claim 1.7 (2)) says that fewer than A many
witnesses to Unif(A, S, . ..) can be glued together to make a witness to Unif(\, S, .. .)
on the corresponding product. Shelah’s Claim 1.7 (1) is a special case of Claim
1.7 (2).

Lemma 0.12. Suppose that & < A, and Unif(\, S, fig, Xe) holds for all £ < k.
Define [i(i) and x(i) for i < X by (i) = [ fig(i)] and X(i) = My Xe ()]
Then Unif(\, S, i, X) holds.

Proof. Fix witnesses F¢ (€ < k) to Unif(\, S, fig, X¢), and fix bijections G*: fi(i) —
e fie(i) and H® : Teopfie(i) — (7). For each i < A\, £ < k and o < fi(i),

Gé(a) be the ¢th coordinate of G¥(«), and let Hg(oz) be the £th coordinate of

Hi(a). Given n € Ds(ji) for some § < \, let

F(n) = H (Fe((Ge(n(0) i < 8)) : € < K)).

Now given h € Dy(X), let he (€ < k) be such that H°((he(8) : € < K)) = h(d)
for all § < A. Fix ne (§ < k) and clubs C¢ (¢ < k) such that for each { < K
and each § € C¢ NS, Fe(ne|d) = he(d). Let n € D(f) be such that G*(n(i)) =
(e (i) : § < k) for all i < A. Then for every § € SN[, Ce,

F(nlé) = HO((Fe((Ge(n(i)) : i < 0)) : € < k) =

H((Fe(nel8) : € < w)) = H°((he(8) : € < k) = h(0).

The following is Claim 1.7 (3).

Lemma 0.13. Suppose that i is a nondecreasing sequence of infinite cardinals,
Unif(\, S, i, X) holds, and p(i) < x(i)l!l for all i < X. Then Unif(\, S, i, p)
holds.

Proof. Tt suffices to suppose that p(i) = £(i)*! for all i < A, by Lemma 0.6 (4).
Let F witness Unif(\, S, i, ¥). For each i < ), fix a bijection H®: IT;;£(i) —
p(i). Fix increasing functions kc: A — A ({ < A) with disjoint ranges. For any
n € D(@)U D) (f) and any ¢ < A, let n[C] be the sequence of values that n takes
on the range of k.

Let C* be the set of § < A such that the range of each ks ({ < ¢) has
ordertype ¢ below §. Then C* is a club. Given § € C*, let E(d) be the set of
n € Ds(f) such that for each ¢ < 4, n[¢] € Ds(i). For each n € E(9), let

F*(n) = H ((F(n¢]) : ¢ < 6)).

Then given h € Dy(p), for each ¢ < A, let h¢ be the function with domain (¢, A)
such that for each & < X\, H®((h¢(8) : ¢ < §)) = h(5). Then for each ¢ < X there
exist an 7¢ € Di(f and a club C; such that for all § € C¢, F(n:[d) = h¢(9).
Let n € Dy(fr) be such that the sequence of values 7 gives on the range of each



k¢ is equal to 7¢. Then if  is in C* and in the diagonal intersection of the C¢’s,
then

F*(n16) = H ((F((n18)[¢]) : ¢ < 8)) =
H((F(1¢18) : ¢ < 6)) = H*((h¢(8) : ¢ < 6)) = h(9).
O

In his Conclusion 1.8, Shelah mentions that if Unif()\, 1(0), 2, x) holds, and
1 < k < Aand p(0)* = p(0), then by Lemma 0.12 we have Unif(\, 1(0), 27, x*),
which by our Lemma 0.7 applied twice is equivalent to Unif(\, u(0), 2, x*), since
the corresponding pp and pq are the same in each case.

In his Lemma 1.9, (1), Shelah mentions that Id-Unif(A, i, x) is either all of
P(A) or an ideal. To see this, given Fy and F; which work for Sy and S1, use
Fy on sequences whose lengths are in Sy, and Fj for sequences whose lengths
are in S7.

The first half of Shelah’s Remark 1.9A notes that Id-Unif(A, fz, ¥) is equiva-
lent to Id-Unif(A, o, 11, %), by our Lemma 0.7. The second half of the remark
uses later material, so we will save it for later (after Lemmas 0.19-0.23).

The second half of Shelah’s Lemma 1.9 is the following.

Lemma 0.14. If i is nondecreasing then Id-Unif(\, i, X) is closed under diag-
onal unions.

Proof. Let S; (i € \) be elements of Id-Unif(\, i, ¥) as witnessed by functions
F; (i < A). Let S be the diagonal union of (S; : i < A), and let f: S — A
be a regressive function such that § € Sy for each 6 € S. Let (k¢ : ¢ < A)
and C* be as in the proof of Lemma 0.13. For each ¢ € C* and n € Ds(f),
let F(n) = Fys)(n[f(9)]), where n[¢] is defined as in Lemma 0.13. Now given
h € D(x), for each ¢ < A, let nc € Dy(f) and club C; C X be such that
Fe(neld) = h(d) for all § € C. N S¢. Let n € Dy(jz) be such that n[¢] = n¢ for
all ¢ < A. Then for all § € SNC* N AccrCo,

F(n1d) = Fys)(n1o)[£(8)]) =
Fy5)(nps)16) = h(0).

Now we are finally up to Shelah’s Theorem 1.10.

Theorem 0.15. If \ is reqular, 2<* < 2* and there is no collection of sets
S; € [u]® (i < 2*) with pairwise finite intersection, then Unif(\, u,2<*,2<})
fails.

Shelah notes that the existence of such a collection of S;’s would imply
that R0 > 2*. by picking a countable subset of each S;. He notes that the
nonexistence of such a collection implies that pu < 2*. He also notes that his
Theorem 1.10 has the following corollary.

Corollary 0.16. If for some 6 < X, 2% = 2<* < 2% then Unif(\,2%,2) fails.



Proof of Corollary 0.16. By Theorem 0.15 we get that Unif(), 2?29 29) fails.
This is equal to Unif(\, 2%, 2% 2) by Lemmas 0.6 (2) and 0.12. O

Proof of Theorem 0.15. Let I witness Unif(\, u, 2<*,2<*). Let Mod be the set
of sequences

<Oé7 Co,go, Clvgl, . Cﬁ,gg, .. '>ﬁ<5(0)
where a and 3(0) are elements of A, each gz is a function from «a \ {0} to <*2,
and each Cj is a closed subset of a. Then Mod has cardinality 2<*, so we can
fix a bijection H from Mod to <*2. For each function f € *2 and each 8 < A,
define hyg: A — <22, g7 3 € Dy(1,2<*) and club Cy g C X as follows.

(] hﬁo =9gf0 = f and Of,o = /\\{0};
e for v > 0:
- hfﬁ(i) =
H({e, CroNea,grol(a\{0},...,CrgNa, grpl(a\ {0}),...)s<y,

where a = a(i, f,7) =min(5_, Crp \ (i +1);
— gy, is such that some club C' is subset of

10 <[ F(gra10) = hyq(9)},
and Cf,, is the set of limit points of C N5, Cy,p.

The key claim is the following: if f; and fy are distinct functions from A to
2, and f1(0) = f2(0), then the set of v < X such that

9f1 I minCy, ~ = gf, o[ min Cy,

is finite.

Given the claim, the remainder of the proof is as follows. For each f: A — 2,
let A be the set of sequences (7, gf~(0),g¢~[(0\ {0}), f(0)), where v < A and
0 = minCy . For distinct f’s, these sets have finite intersection, so there are
2* such Ay’s. Each Ay is a subset of A x g x <*(<*2) x 2 of cardinality A. If
g > 2<* then we have a contradiction. Otherwise, 2* is less than or equal to
(2<*)Xo (since the A;’s have distinct countable subsets), which is equal to 2<*,
giving another contradiction. This finishes the proof of the theorem, assuming
the claim.

Finally, we prove the claim. To do this, suppose that f; and f, are functions
from A to 2 such that f1(0) = f2(0), and let (j, : n < w) be an increasing
sequence of members of A, with supremum j, such that

9f1,4n [ min thjn = Gfa,jn [ min Cf27jn

for all n < w. For each ¢ € {1,2}, let C* = ,_, Cf,.j. and let (yf : i < )
be an increasing enumeration of C*. For notational convenience, let vﬁ = ) for
e {1,2}.

We prove by induction on 7 < A that



a) v =17
b) for all ¢ < j,
91T\ {0}) = g£,.c 137\ {0})

and
1 2
CrcNvy =CrcnNyyg.

Letting i« = A and ¢( = 0, this shows that f; = f2, since gro = f for all
fer2

The induction has three cases: ¢ = 0, ¢ limit and ¢ successor. For each n € w
we let 6, = minC'f1, j, = minCy, j, .

Case i = 0. For each £ € {1,2}, (Cy, ., : n < w) is a C-decreasing sequence
of clubs, so 7§ = sup{d, : n < w}. This shows (a). To see (b), fix ( < j and
n € w such that ¢ <), and if

9.1 \NA0}) # gpac (96 \ {0})

then
951.¢1(0n \ {0}) # 9£..¢[(0n \ {0})
and if
Cric N #CrcNo
then

Cfl,C nd, # CfmC N Oy
We have assumed that gy, j, [0, = g4, [0n. Also, for each ¢ € {1,2},
On € C4, 4, , SO

F(f,j,10n) = by, 5, (0n) = H((, ..., Cr,p N, gp, 51 (@ \ {0}), - ) p<iin)s

where

Q= a((snvffvjn) = min[ ﬂ Cfe,ﬁ \ (571 + 1)]

B<jn

As H is injective, it follows that

911,c (60 \ {0}) = g1, 1(n \ {0})
and
thC Né, = Cfm( Ny,

which means that
9110\ {0}) = g5 1(75 \ {0})

and
1 2
Cr.c Ny =Cre N

This concludes the proof of the case i = 0.
The case where 7 is a limit ordinal is immediate.



Finally, suppose that (a) and (b) hold for ¢ < X, and let us see that they
hold for i + 1. We have that for all n € w, g, ;, 176 = 9f»,5.. 176- Note that 7}
and 72 are both nonzero, as 0 & Cy o for all functions f € *2. By the induction
hypothesis,

925 10 \AOD) = g 17\ {O}).

Putting these two facts together, we have that

1 2
Gf1.gn Vi = Gfa,dn 17 -

For ¢ € {1,2} we have 7/ € ,co, Cfojns 80 for all n € w, F(gys, ;. 1) =
I, (7F), which is equal to

H((om, -, Crop Mg, 9,51 \ {0}), - )p<jn),

where of, = a(V!, fo,jn) = min[(\s_; Cr.p \ (v +1)]. As H is injective, it
follows that > = a2 for each n € w. Since for each f € *2 and each 3 < 3’ < A,
C}.p is contained in the limits points of Cj g, it follows that (af : n < w) is
increasing for each ¢ € {1,2}. It follows furthermore (for the same reason) that
for each ¢ € {1,2},

U ah = min[ () Cps\ (3 + D) = 7511

new B<jn

S0 vl 1 = 771, (which is part (a)). Clause (b) follows from the fact that every
¢ < j is less than some j,, and the fact that 'yil+1 = 'Vi2+1 is the supremum of
the set of ordinals ol = a2 for n € w. O

0.17 Definition. Given a set X and a cardinal )\, a collection F C [X]*, is
called a (X, \)-cover if every subset of X of cardinality A has a superset in F.
We let cov(X, \) denote the least cardinality of a (X, A)-cover consisting of sets
of cardinality A.

The following facts are immediate, for sets X and Y and cardinals A and pu.
1. X CY = cov(X,A) < cov(Y, ).
2. |X] <|Y| = cov(X, A) < cov(Y, A).
3. |X| =1Y| = cov(X, A) = cov(Y, A).
4. A< p= cov(u,A) > p.
5. cov(A, A) = 1.
Lemma 0.18. Suppose that A and u are cardinals, and « is an ordinal.
1. if A < p, then cov(put, A) =cov(p, A) + p™.

2. if p is a limit ordinal, X < pn and (u; : i < cf(pu)) is an increasing sequence
with limit o and po > X, then cov(p, \) < Tliccpuycov(pes, A).



8. cov(Ate,\) < (AF)lel,

Proof. For the first conclusion, > follows from facts (1) and (4) listed above. The
other direction follows from the fact that each subset of u* of cardinality A is
bounded. For the second conclusion, take a product of the covers for each p;. For
the third conclusion, argue by induction on «. The case o = 0 is fact (5) above.
To go from S to B+ 1, note that cov(A\*+1, \) =cov(A8, \) + AP+ (by the first
conclusion of this lemma) which is less than or equal to (A?)I8l + A8+ (by the
induction hypothesis) which is less than or equal to (A\®*1)5+1. If o is a limit of
the sequence («; : i < c¢f(a)), then cov(AT* \) < ILcp(aycov(AT*, X) (be the
second conclusion of this lemma) which is less than or equal to ((A+e)lel)ef (@) =
()\+oc)|a\' 0

The next five lemmas are the first five parts of Shelah’s Lemma 1.14, revised
to accommodate the sixth part. In all cases, I believe I have used a hypothesis
no stronger than the one used by Shelah.

Lemma 0.19. Suppose that A and p are cardinals, with A reqular and uncount-
able, and let x = {x; : i < A) be a sequence of nonzero cardinals. Let S be a sub-
set of A\, and suppose that Unif(\, S, u, X) holds. Then Unif(\, S, cov(u, \), A, X)
holds.

Proof. Let F witness Unif(\, S, u, ), let (A; : ¢ < cov(u, A)) be a (u, A)-cover,
and enumerate each A; by (o, ; : j < A). For each nn € D(cov(u, ), A), let

F(n) = F({an©)na+i © @ < length(n))).

Then given h € Dy(x), let n € Dx(u) be such that {i € S : F(nli) = h(i)}
contains a club relative to S. Let n* € Dy(cov(u, A), A) be such that range(n) C
Ay 0y and such that n*(1+i) = n(i). Then F*(n*[i) = F(n[i) for alli > w. O

Lemma 0.20. Suppose that X\, X, po and py are cardinals, with A regular
and uncountable, x > A and cov(x,\) < po. Let S be a subset of \. Then
Unif(X, S, po, 1, x) holds if and only if Unif(\, S, po, p1, A) holds.

Proof. The forward direction follows from Lemma 0.6 (4). For the reverse di-
rection, let F witness Unif(}, S, po, p1, A). Let ey and e; be functions from
o to po such that a — (eg(a),e1(@)) is a bijection from pg to g X po. Let
(A; 11 < po) be a (x, A)-cover, and for each i < g let ¢;: A — A; be a bijec-
tion. For each n € D(ug, p1), let k(n) be the sequence produced by replacing
the first member of 7 with e1(1(0)), and let F*(1) = qe,(n(0)) (F(k(n))). Then
given h € D(x), let ¢ < A be such that the range of h is contained in A;. Then
there is an 1 € Dy (o, 1) such that F(nli) = ¢; ' (h(i)) for a club of i rela-
tive to S. Let n* € Dx(po, p1) be such that eq(n*(0)) = 4, e1(n*(0)) = n(0)
and n*(j) = n(j) for all nonzero j in the domain of . Then for all j < A,
F*(n*1j) = ¢(F(k(n*17))), which is equal to h(j) for a club of j relative to
S. O



Lemma 0.21. Suppose that \, x, po and py are cardinals, with \ reqular and
uncountable, x > A and cov(x,\) < po. Suppose that X\ is not a strong limit
cardinal, and that x > 2. Let S be a subset of A. Then Unif(\, S, o, 41, X)
holds if and only if Unif(\, S, po, p1,2) holds.

Proof. The forward direction follows from Lemma 0.6 (4). For the reverse di-
rection, it suffices to consider the case y = A, by Lemma 0.20. Since A is not a
strong limit, this case follows from Lemma 0.13 and parts (2) and (4) of Lemma
0.6. O

Lemma 0.22. Suppose that \, pg and py are cardinals, with A regular and
uncountable, and A\ < py. Let x = (xi : © < A) be a sequence of nonzero
cardinals. Let S be a subset of \, and suppose that Unif(\, S, po, p1,X) holds.
Then Unif(\, S, po + cov(pr, ), A, X) holds.

Proof. Tf pg > cov(p, ) then this follows from Lemma 0.6 (4). Supposing
otherwse, po + cov(pi, A) = po - cov(pr, ) = cov(p, ), so we may fix func-
tions eq: cov(ui,A) — po and er: cov(pr,A) — cov(ug, A) such that a —
(eo(),e1(a)) is a bijection from cov(py, A) to pu1 x cov(pi, A). Let F' witness
Unif(\, S, po, 1, X), let (A; : @ < cov(ui, A)) be a (p1, A)-cover, and enumer-
ate each A; by (au; : j < A). For each n € D(cov(u,A), ), k(n) be the
sequence obtained by replacing 1(0) with eq(1(0)), and 7(i) for each nonzero i
with Qeq (1(0)),1(1) and let
F*(n) = F(k(n).

Then given h € Dx(X), let n € Dy (10, p1) be such that {i € S : F(nli) = h(i)}
contains a club relative to S.

Let ¢ < A be such that the range of 1 is contained in A;. Let n* € Dy (uo +
cov(p1, A), p1) be such that ey (n*(0)) = 4, eq(n*(0)) = n(0) and o ;-5 = 1(j)
for all nonzero j in the domain of . Then for all j < A, F*(n*1j) = F(k(n*1y)),
which is equal to h(j) for a club of j relative to S. O

Lemma 0.23. Suppose that A\, po and py are cardinals, with \ regular, un-
countable and not a strong limit. Let Y = (x; : i < A\) be a sequence of nonzero
cardinals. Suppose that g > cov(ur, N) and A < py. Let S be a subset of A, and
suppose that Unif(\, S, wo, 11, X) holds. Then Unif(\, S, po, 2, %) holds.

Proof. The reverse direction follows from Lemma 0.6 (4). For the forward direc-
tion, first note that Lemma 0.22 gives us Unif(\, o, A, X) from Unif(\, o, g1, X)-
Then Unif(A, o, 2, X) follows from Lemma 0.7, since the two “u1”’s are the same
in this case (in checking this fact, it may help to break into cases, depending on
whether A is a strong limit or not). O

Let us return now to the second part of Shelah’s Remark 1.9A. We want
to see that Unif(X, S, uo, 11, ) < Unif(A, S, o, o, X), when po and p; are as
in Lemma 0.7 and cov(po,A) = po. Since pg > p1, the forward direction
follows from Lemma 0.6 (4). For the other direction, Unif(}, S, uo, o, X) implies
Unif(A, po, 2, X) by Lemma 0.23, and Unif(\, po, 2, ) implies Unif(\, po, g1, X)
by Lemma 0.6 (4).

10



The following is Shelah’s Conclusion 1.15.

Conclusion 0.24. Suppose that pu is a cardinal less than R, and that ™o <
281 Then Unif(wy, p, i, 2) fails.

Proof. Suppose that Unif(wsy, g, 4, 2) holds. Then by Lemmas 0.13 and 0.6(2),
Unif(wy, g, 1, 2%0) holds. Then by Lemma 0.19, Unif(ws, cov(p, Ry), Ry, 2%0)
holds. Let & < wy be such that g = ws. Then by Lemma 0.18 (3),

cov(p,wr) < le‘l < o < o

[

so we can apply Theorem 0.15 with “u” as cov(u,w;), getting the failure of
Unif(wy, cov(p, wi), 280, 2%) (note that 2<% = 2%0) and thereby a contradic-
tion. O

Theorem 0.26 below is Shelah’s Theorem 1.16, with the hypothesis u > A
dropped. As we see in the second line of the proof, this hypothesis follows from
the other assumptions of the theorem. With this hypothesis removed, Theorem
0.26 is a strengthening our Theorem 0.15 The proof is a modification of the
proof of Theorem 0.15.

0.25 Definition. Let (*)sx , y+ denote the statement that there exists a family
{S; 1< 22} of elements of [1]*" such that |S; NS;| < N for all distinct 4, j < 2*.

Theorem 0.26. Suppose that i and A are cardinals, with A a regular uncount-
able cardinal. Suppose that 2<* < 2* and that Unif(\, ju,2<*,2<*) holds. Then
(%)2x ya+ holds.

Proof. As before, the conclusion is immediate if ;1 > 2%, so assume otherwise.
Similarly, by Theorem 0.15, we have that 2* < pMo. Since (2<*)%0 = 2<A < 24,
it follows that g > 2<*.1

For each o < AT, let (B : i < \) be a continuous, C-increasing sequence of
sets of cardinality less than A, with union a.

Let Mod be the set of sequences

(a,...,...Cp,93,...)peBe

for some i < A, where each g is a function from B& \ {0} to <*2, and each
Cp is a closed subset of i. Note that one can recover the corresponding o and ¢
from any given member of Mod. Furthermore, Mod has cardinality 2<*, so we
can fix a bijection H from Mod to <*2.

Let F witness Unif(\, y,2<*,2<}). For each function f € *2 we can define
by recursion on 8 < AT functions hyg: A = <2, gy 5 € Dy(1,2<") and club
sets Cr g C A as follows.

IThe proof contains the following observation, which is interesting but doesn’t appear to
be necessary: By Hausdorff’s formula, if & is a cardinal and n is an integer, then (kT7)X0 =
k17 4 kR0 If g = (2<M)™ for some integer n, then,

PO = p 2SN = 2t = <2t <o,

giving a contradiction. So u > (2<*)*w,

11



e hyo=gs0=fand Cro=A\{0};
e for A > 0:
- hf’.”(i) = H((a,...,C’f,B N oz,'gf,g[(oz \ {0}),...)geny, Where a =
a(i, f,7) = minNgepr Crp\ (i +1);

— gy, is such that some club C' is subset of

{0 <A F(g7~10) = hyA(9)},

and Cf  is the set § which are of limits points of C' and of every Cy g
with 8 € BY.

The key claim is the following: if fo € *2 and (j, : n < w) is an increasing
sequence of elements of A\, then

{fe2:Vnewgys;, (0) =gg . (0)} <2

Given the claim, the remainder of the proof is as follows. For each fo: A — 2,
let

Vi, ={f €2: {7 < A" 7,5(0) = 95, 5 (0)}] = o).
The set of increasing w-sequences from A" has cardinality (A*)Y°, which (since

A is regular and uncountable) is at most 2<* + A*, which (since A\ < p < 2*)
is less than 2*. Furthermore, for each fy € *2, |Yf’0| has cardinality at most

(AT)Ro x 2<*which is also less than 2*.2 The set of pairs (fo, f1) € *2 such
that fy € lel forms an equivalence relation on *2. Let F™* be a subset of *2 which
intersects each equivalence class in exactly one point. Since each equivalence
class has cardinality less than 2*, |F*| = 2*. Then

{{(97,5(0),7) : j <A*}: fe F*}

is a family of 2* many subsets of p x AT of cardinality AT, having pairwise finite
intersection. This finishes the proof of the theorem, assuming the claim.

Finally, we prove the claim. To do this, suppose towards a contradiction
that fo € *2 and (j, : n € w) witness the failure of the claim. Let

which by our assumption has cardinality greater than 2<*. Choose i < \
large enough so that j, € B(jm,i) whenever n < m. For each f € Yy, let
a(f) = min(,., Crj. \ (i +1). Define an equivalence relation £ on Yy, by
setting f1 E fo if and only if and for all n < w,

e a(f1) = a(f2);
o fila(f1) = fala(fz);

2Here our calculation is different from Shelah’s.
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e for all n < w,

~ 9f1.n ra(fl) = 9f2.4n ra(f2);
= Cpy g, la(f1) = Cf, j, [a(f2).

Then E is an equivalence relation with at most A x (2<*)R0 x (2<A)Ro = 2<A
classes, so there are distinct functions f; and fo from A to 2 such that f1E fs.

Let j be the supremum of {j, : n < w}. For each £ € {1,2}, let C* =
Nn<w Cfejn and let (vf : i < A) be an increasing enumeration of C*. For
notational convenience, let 7§ = A for £ € {1,2}.

We prove by induction on ¢ < A that

a) v; =2

b) for all ¢ < 7,
97,1 N A{0}) = 97,1 (77 \ {0})

and
Ch.cNi =ChcNai

Letting ¢ = A and ¢ = 0, this shows that f; = fo (since gro = f for all
f €72), giving a contradiction and thereby proving the claim.

The induction has three cases: ¢ = 0, ¢ limit and ¢ successor. For each n € w
we let §,, = min C]Qn = min C}n.

Case i = 0. For each £ € {1,2}, (Cy, ., : n < w) is a C-decreasing sequence
of clubs, so 7§ = sup{d, : n < w}. This shows (a). To see (b), fix ( < j and
n € w such that ¢ <), and if

91,10 N {O}) # gpac 105 \ {O})

then
9.1 (0n \{0}) # 9fz.c (00 \ {0})
and if
Cric ﬁ'yé #Cf¢ ﬂ’yg
then

thg Nd, # sz;C N 0y

We have assumed that gy, j, [0, = g4, [0n. Also, for each ¢ € {1,2},
6” € Of@ajﬂﬂ S0

F(gfz,jn fén) = h’f@vjn (571) = H(<O‘7 EE) Cfeﬁ Na,g¢,.,8 [(a \ {0})7 .- '>5€Bgz)7

where
a = a(bn, fr,jn) =min[ (| Cps\ (0 +1)].

BeBI"

As H is injective, it follows that
9f1.¢ [(6n \ {0}) = 9f2.¢ [(dn \ {0})
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and
ChcNon=CrycNon,

which means that
95.c1(6 \ {0}) = g2.c1(75 \ {0})
and
Crc N = Crac NG
This concludes the proof of the case i = 0.

The case where i is a limit ordinal is immediate.

Finally, suppose that (a) and (b) hold for ¢ < A, and let us see that they
hold for i + 1. We have that for all n € w, gf, ;. [7¢ = 9f..5,. 17é- Note that ]
and 73 are both nonzero, as 0 & Cs o for all functions f € A2. By the induction
hypothesis,

911,30 1 \NAOY) = 92,5, T(7F \ {0D).

Putting these two facts together, we have that

Ifrdn 1V = Gfaidn 177

For ¢ € {1,2} we have !/ € Mncw Crejns s0 for all n € w, F(gy, j, ) =
P (’Yf ), which is equal to

H(<afw sy Cfe,ﬁ N afmgfi,,ﬁ [(O[ﬁ \ {0})7 .- '>BeBgz)v

where o, = (v, fi,n) = min[ﬂﬁeBg’; Crop\ (7 +1)]. As H is injective, it
follows that ) = o2 for each n € w. Since for each f € 22 and each 8 < ' < A,
Cyp is contained in the limits points of Cy g, it follows that (af, : n < w) is

increasing for each ¢ € {1,2}. Tt follows furthermore (for the same reason) that
for each ¢ € {1,2},

U ab =min[() Crs\ (0 + D] = 7441,

new B<g

S0 Vi1 =771, (which is part (a)). Clause (b) follows from the fact that every
¢ < j is less than some j,, and the fact that fyz-lﬂ = 'yizﬂ is the supremum of
the set of ordinals ol = a2 for n € w. O

Conclusion 0.27. If A is reqular and uncountable, p is a cardinal such that
2N << 2% and cov(p, \) < 2, then Unif(\, u, i, 2) fails.

The following is Definition 5.1 of Chapter 1 of [1].

0.28 Definition. Given cardinals «, 8, § and ~, cov(a, 3,4,) is the least car-
dinal i such that there is a family P consisting of p many subsets of «, each of
cardinality less than 3, such that for every ¢ C « of cardinality less than ¢, ¢ is
contained in the union of a subfamily of P of cardinality less than ~.
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Note that cov(u, AT, AT, 2) is the same as our cov(u, ). Also, cov(\, k, k, 2)
< i follows trivially from |S_.+(A)| = A® < 2<* <y, which holds in the context
of Conclusion 0.27 (S..+(\) is the set of subsets of A of cardinality less than
k).

The proof of Conclusion 0.27 uses Theorem 2.1(2) of [2].

Theorem 0.29. If u > X > k, 0 = cov(u; \T, AT, k), cov(A\, Kk, K,2) < p (or<6)
and X\ > 2<% (or just 0 > 2<% ) then cov(u, AT, A\T,2)<" = cov(pu, \T,\T,2).

Proof of Conclusion 0.27. If Unif(\, p, i, 2) holds, then by Lemmas 0.6(2) and
0.13, Unif(\, i1, ,2<*) holds. Then by Lemma 0.19, Unif(\, cov(u, A), A, 2<*)
holds, and by Lemma 0.6(4), Unif(), cov(u, A),2<*,2<*) holds. By Lemma 0.26,
(*)QA,COV(H,A),)\JF holds.

By Lemma 0.15, cov(u, \)¥0 > 2*. By Theorem 2.1(2) of [2] (and the re-
marks before this proof), cov(u, A)*0 = cov(u, A), which contradicts cov (s, \)™°
> 22 > cov(, A). O

The assumptions for the second part of the following conclusion seem to
assume that 2¢ < p. I don’t see why this should necessarily be true.

Conclusion 0.30. If § < X are reqular cardinals, 2° = 2<* < 2* and p is a
cardinal such that A < p < 2* and (*¥)2x ua+ fails, then

1. Unif(\, p,29,2%) fails;
2. if cov(p, N) < p (or just cov(29,\) < p (22)) then Unif(\, i, i1, \) fails.

Proof. The first part follows immediately from Theorem 0.26, once we know
that © > . In any case, the failure of part one would give u0 > 2>, If y = A,
this would contradict the assumptions that A has uncountable cofinality and
that 2% > 2<A.

For the second part, assuming cov(p, A) < p, Unif(\, g, g, A) is the same as
Unif(\, i, i, 2%), by Lemma 0.20. (?7) O

I assume that the A in the (original) first part of the following conclusion is
supposed to be 2*, otherwise the first part is trivial, by the first line.

Conclusion 0.31. If 0 < X\ are regular cardinals, 2° = 2<* < 2* and § > 1,
then

1. for every u < X, Unif(\, p1,2%,2%) fails;
2. if cov(p, N) < 2 then Unif(\, p,2%,\) fails.

Proof. Theorem 1.10 gives us the first part, unless zN0 > 2}, so assume this to
be the case. This also implies that p > 2?. By Conclusion 0.30 then it suffices
to show that (x)yx , x+ fails. This follows from the main result of [3], which
says (using p > @ > 1) that pl®l = pu for all sufficiently large regular cardinals
# < 3, where pl*l is the smallest cardinality of a subset P of S<, (1) such that
every member of S<, () is included in a union of less than x many members
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of P. To see that this suffices, suppose that P is such a set for some such k,
and let P; be the set of subsets of members of P of cardinality x. Then P; has
cardinality at most p x 2% < i+ 3y, = p. If {S; : i < 2} witnesses (%)ar , 1+
we can pick for each i < 2* an a; € [9;]", a ¢} < k and b; ¢ € P for ¢ < {; such
that a; C UC<C; bi¢. For each i < 22, there is a ¢; which is a subset of a; N bi ¢
of cardinality r, for some ¢ < (. Each ¢; € P;, and as |P;| < p < 2%, two
distinct ¢;’s must be the same, contradicting the assumption on {S; : i < 2*}.
The second part follows from the first part and Conclusion 0.30 (2). (77) O

Shelah notes that (even for smaller A ?) it is not clear if ()ox , \+ is con-
sistent with ZFC.
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