CLOSED SETS WHICH CONSISTENTLY HAVE FEW
TRANSLATES COVERING THE LINE

TOMEK BARTOSZYNSKI, PAUL LARSON, AND SAHARON SHELAH

ABSTRACT. We characterize the compact subsets K of 2% for which one can
force the existence of a set X of cardinality less than the continuum such that
K+ X =2%.

1. INTRODUCTION

In this this note we answer a variant of the following well-known question: For
which compact subsets K of the real line can one force that the real line is covered
by fewer than continuum many translations of K (as reinterpreted in the forcing
extension)? This question has been considered by several authors and the following
are known.

e The real line is not covered by fewer than 2% many translations of the
ordinary Cantor set. (Gruenhage)

e If C' has packing dimension less than 1 then R is not covered by fewer than
2% translations of C. (Darji-Keleti, [3]),

e There is a compact set K of measure zero such that R is covered by cof (N)
(which is consistently < 2%°) many translations of K (Elekes-Steprans, [4]).
The same holds in any locally compact abelian Polish group. (Elekes-Toth,
[5])-

Instead of the real line, we will work in the space 2¢, with addition as coordinate-
wise addition modulo 2. For all sets X, K C 2“  and any z € 2, X C K + z if
and only if z ¢ (2¥ \ K) + X (this formulation uses the fact that —z = z for all
z € 2¢). Replacing K with its complement, this says that 2¢ is covered by the set
of translations of K by elements of X if and only if X is not covered by a single
translation of 2 \ K. It follows that we can restrict our attention to compact sets
K which are nowhere dense and have measure zero with respect to the standard
product measure on 2%.

Lemma 1. Let K be a closed subset of 2.
(1) If K is somewhere dense then 2¥ is covered by finitely many translations of
K.
(2) If K has positive measure and non(N) < 280 then 2% is covered by fewer
than 280 many translations of K.

Proof. For the first part, if K is somewhere dense then it contains a basic open set,
which implies that a finite set of translations of K covers 2¢. For the second, if
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non(/N') < 2%0 there there exists a set X C 2¢ of cardinality less than 2% and outer
measure 1. Suppose that K has positive measure. Since X ¢ (2¥ \ K) + z for any
z € 2¢ it follows that K + X = 2¢. O

Known proofs that fewer than 28¢ many translations of a given set K do not
cover 2% are based on the following property.

Definition 2. Let K be a subset of 2¥. We say that K is small if there ezists a
perfect set P C 2% such that for every z € 2,

(K + z) N P is countable.

If K is small then we need 2% translations of K to cover 2¥ since we need that
many translations to cover P. Furthermore, the property “K is small” is ¥ in a
parameter for K, hence absolute. To see this, note that K is small if and only if
there exists P such that

(1) P is closed and uncountable, and
(2) Vz (K 4+ z) N P is countable.

The first clause is X} and the second is II}, by the well known fact that {W €
K(2¢) : W is countable} is a ITj set, where K(2%) is the hyperspace of compact
subsets of 2¢ (see Section 33.B of [7]).

The notion of being small can be generalized as follows:

Definition 3. Suppose that K is a subset of 2, Y is a subset of 2 and J is an
ideal on Y. We say that K is J- small if for every z € 2, (K +z)NY € J.

In particular, K is small if it is J-small for J the ideal of countable subsets of
some fixed perfect set. In the cases of interest the ideal J is defined on |Y| rather
than Y so we omit mention of Y in the notation.

The following lemma connects the previous definition with the topic of this paper.

Lemma 4. Suppose that X, Y and K are subsets of 2¥, and that J is an ideal on
Y such that K is J-small. If X + K = 2%, then | X| > cov(J).

A compact subset K of 2¥, being closed, is the set of paths through the tree
{z I n|x e K,n € w}. This tree gives rise to a natural reinterpretation of K in
any forcing extension as the set of paths through 7. The main result of this paper
is the following.

Theorem 5. Suppose that K is a compact set in 2. Then exactly one of the
following holds.

(1) In some forcing extension, 2* is covered by fewer than continuum many
translations of the reinterpretation of K.

(2) There exist a set Y C 2% of size 280 and an ideal J on'Y such that
(a) K is J-small, and
(b) cov(J) = 2%o.

The theorem easily gives that if the second case holds, then it holds in all forcing
extensions. In fact, our characterization of the dichotomy is absolute between
models of set theory with the same ordinals (see Remark 33).

The paper is organized as follows. In Section 2 we give a simple criterion which
implies that in a c.c.c. forcing extension fewer than 2%¢ translations of K cover 2.
In Section 3 we give examples of sets that satisfy this criterion. Section 4 reviews
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basic information about Sacks forcing, and Section 5 introduces a rank function on
Sacks names for reals. In Sections 6 and 7 we prove both parts of the main result
and give necessary and sufficient conditions for a compact set K to cover 2¢ with
fewer than 2% translations.

2. SPECIAL CASES AND SIMPLE TESTS

In this section we introduce a property of a set K C 2“ which implies that
in some c.c.c. forcing extension fewer than 28° translations of the corresponding
reinterpretation of K cover 2¢.

Definition 6. A perfect set K C 2% is big if for every n € w there exists j, € w
such that for X C 2“ and x € 2, if
(1) |X] <n,
(2) (2°\K)+ X #2¢,
(3) xjn € Xjn ={yljn 1y € X},
then
2\ K) + (X U{z}) #2*.
We say that K is big* if K N [s] is big for every s € 2<% such that K N [s] # 0.
If K is big then the collection of finite sets covered by translations of K resembles
an ideal, in the following sense: if Xy, X7 C 2% are sets of size n, (2“\ K)+ X # 2%
and X() []Qn = X1 rjzn, then (2w \ K) + (X() @] Xl) 7é 24,

Lemma 7. If K is big then K is not small.

Proof. Suppose that P C 2% is a perfect set. Build recursively a sequence
{tn:mew}CP

such that

(1) @ =c({xn : n € w}) is perfect,
(2) (2“\ K)+ {z0,...,zn} # 2% for n € w.

Given {xo,...,z,} satisfying (2), choose z,+1 € P such that x,11[jn = x;ljn
for some ¢ < n. This will guarantee that (2) continues to hold. Condition (1) can
be arranged by careful bookeeping.

By (2), L, = {z € 2¥ : {x¢,...,2n} C K + z} is a nonempty compact set. For
z €(), Ln, we have {z,, : n € w} C K + z, and thus Q C K + z. O

The following theorem is essentially proved in [5].

Theorem 8. If K is big" then there exists X C 2“ such that X + K = 2% and
| X| < cof (N).
The following theorem complements this result.

Theorem 9. If K is big*, then there is a c.c.c. forcing extension in which 2% is
covered by fewer than continuum many translations of the reinterpretation of K.

Let Q = {q € 2¥ : V*°n g(n) = 0}. Before beginning the proof, we prove the
following lemma.

Lemma 10. Suppose that K C 2% is big*. There exists a c.c.c. forcing notion Pk
which adds real zi € 2% such that

”‘PKVZ‘EQWHV dgeQzre K+ zix +q.
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Proof of the lemma. Suppose that K C 2“ is big*. Let Px be the collection of pairs
(t, X) such that

(1) t € 2<% and X is a finite subset of 2¢,

(2) (2Y\K)+X) N[t # [1].
For (t07X0), (tl,Xl) € Pg, we put (tth) > (to,Xo) if tg Ct; and Xy C X;. We
will show that Px has the required properties.

To see that Pk is c.c.c., suppose that {(t4,Xa) : @ < wi} is a subset of Pg.
Without loss of generality we can assume that there exist ¢ € 2<% and n € w
such that ¢, = ¢ and |X,| = n for all & < w;. Furthermore, we can assume that
Xaojon = Xgljon for a, f < wy, where ja, is as in the definition of big*. It follows
then from the definition of big* that (¢, X, U X3) € Pk is a condition extending
both (ta,Xa) and (tﬁ7X5).

Let zx = U{t: (t, X) € G}, where G is the generic filter.

Now suppose that (t,X) € Pk, |X| = n and € 2. Find ¢ € Q such that
q+21jn € X|jn. Since K is big*, it follows that (¢, X U{x+q}) € Px. Furthermore,

(t,XU{z+q}) lFp, v € K+ 2K +q.

In particular,

VPE =92 NV C K 4 2z + Q,
which finishes the proof. O

Proof of Theorem 9. Let V]g| be a c.c.c. extension of the universe satisfying - CH
and let P,,, be the finite support iteration of Py of length X; defined in V{g]. Let
H be V][g]-generic for P,,. For each a < wy, let H, denote the restriction of H
to the first o many stages of P,,, and let z, be the generic real added at the ath
stage. Let X = {20 +¢: @ < w1,q € Q}. For each z € 2* N'V|[g, H]| there is an
a < wy such that « € Vg, H,], and it follows that for some ¢ € Q, z € K + z4 +¢.
Thus in Vg, H], 2¢ C X + K and |X| < 2%o. O

3. EXAMPLES OF BIG SETS AND SMALL SETS

In this section we will provide some examples of small sets and big* sets. Let
{I, : n € w} be a partition of w into finite sets of increasing size and let K, be a
subset of 2/, for each n € w. Consider sets of form K = [L, K. This is a typical
compact set in 2% whose combinatorial properties are hereditary with respect to
all full subtrees, i.e. subtrees of form K N [s], where K N[s] # 0 and s € 2<%, In
particular if such set is big it is also big*.

||
27|

We use the following lemma.

Theorem 11. Iflim, . =1 then K 1is big*.

Lemma 12 ([5]). Suppose that I C w is finite, n € w and C C 2! is such that

For any X C 2f of size < n there exists t € 21 such that

Proof. For any s € X,

{te2l:t+s¢C} o1
[21] “n+1
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Thus I
Hte2 :3Ise X t+s¢C} < "
|27] n+1
(I
Proof of Theorem 11. For each n € w, let j, = ngk |Z;], where k is such that
\Kj|/2|lj| >1— for all j > k. Then for any n € w, and X C 2% of size n and

n+2
any x € 2%, repeated application of Lemma 12 will produce a translation as desired

(the initial segment of the translation up to j, being given by the assumption that
some translation already covers X). g

If the sets I,, are large enough then we can chose sets K,, (n € w) so that

1 | K| 1
n+1 = |2In] — 2n+1
1
holds for all n € w. Then K =[], ,, K, has measure zero since [], ., Tl 0
n
K,
The next two lemmas show that if lim,, :21: < 1 then K may be small or

big*, depending on the choice of K,,’s. In the following lemma, the sets K,, can be

Kl
27|

chosen so that the ratios are eventually any given dyadic rational value in the

int 1[0, =].
interval [0, 2]

Lemma 13. For each n € w, let J, be a nonempty proper subset of I,,, and let
K, be the set of s € 2In such that s(i) = 0 for alli € J,. Then K =[], .., Kn is
small.

Proof. Put J =J,, J, and let P = {zx € 2¥ : Vn ¢ J x(n) = 0}. For each z € 2¢,
(K + z) N P has at most one element. O

new

Lemma 14. Fiz a sequence of positive reals {e, : n € w}. There exists a sequence
K, C 2! such that for each n, |K,|/2/"! <&, and K =[], ., Kn is big*.

new
Lemma 14 can be proved in the same way as Lemma 12, with the following

theorem (which is Theorem 3.3 of [1], with 1 — € in place of €) used instead of
Lemma 11.

Theorem 15 ([1]). Suppose that m € w and 0 < § < 1—¢e < 1. There exists n € w
such that for every finite set I C w of size at least n, there exists a set C C 21 such
that e +6 > |C|- 2711 > ¢ — § and for every set X C 2!, |X| <m

| ﬂseX(C+ s)] _ Xl
211

Theorem 15 says that we can choose C' is such a way that for all sequences
51,...,5m € 2! the sets s; + C,...,s,, + C are probabilistically independent with
error 4.

< 4.

Proof of Lemma 14. Thus, if we choose § to be much smaller than €™, then if
|X| < m it follows that (), x(C + s) # 0. In particular, if t € (,cx(C + s) then
t+X CC.
The rest of the argument is just like in Theorem 11. O
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4. THE SACKS MODEL

In the following section we will describe necessary and sufficient conditions for
a compact set K to (consistently) cover 2* by fewer than 2%¢ translations. This
characterization is intrinsically connected to the Sacks model.

The Sacks model, obtained by a length ws countable support iteration of perfect
set forcing, is a natural candidate to witness that Ny translations of a compact set
K covers 2¢. This follows from Zapletal’s work on tame cardinal invariants in [13].
More specifically, we have the following:

Definition 16. A tame cardinal invariant is defined as
min{|A4] : A CR & ¢(A)& ¥(A)}

where ¢p(A) is a statement of the model (TC(A), €, A) and ¥(A) is a statement of
form Nx € R Jy € A 0(z,y)”, where 0 is a formula whose quantifiers range over
reals and w only.

If K C 2% is a compact set than
min{[A]: AC2¥ Vze2”ycAdar+yec K}
is a tame cardinal invariant.

Theorem 17 (Zapletal [13]). Assuming the existence of a proper class of inacces-
sible cardinals § which are limits of Woodin cardinals and of <d-strong cardinals,
if t is a tame cardinal invariant, and v < 280 holds in a set forcing extension, then
t < 280 holds in the iterated Sacks extension.

A natural attempt would be to show that if K is not small then in the Sacks
model VSez
Vre2®zeVN2Yre K+ 2.
Translating to the Sacks model it would suffice that the following statement
holds:

Proposition 18 (false). Suppose that p lrs,, @ € 2. Then there exists p' > p and
a perfect set P C 2% such that for every perfect set Q C P there exists ¢ > p’ such
that g IF & € Q.

Indeed, suppose that K is not small and let p l-s, @ € 2. If there is p’ > pand
r € VN 2% such that p' Ik, & = x then any z € (K + ) N'V will be as required.
Otherwise, find p’ > p and P as in Proposition 18. Since K is not small there is
z € 2% such that P N (K + z) is uncountable. Let @ C PN (K + z) be a perfect
set. It follows that there is ¢ > p’ such that ¢ IFs,, © € @ € K + z. Since & was
arbitrary, this finishes the proof.

Proposition 18 is true for a single Sacks forcing but fails for an iteration of two
or more Sacks reals. To see this note that if (p, ¢) IFs,s @ € 2, then (p,§) can be
represented as a closed subset p C 2% x 2%, where p = {z : (p). # 0}, and (D) € S
whenever (p); # (. Furthermore, we can find a one-to-one continuous function
f P — 2% such that p lFsus & = f(s0, $1), where sg, s1 are first and second Sacks
reals. Let zg € p be a real that is not Sacks-generic (for example a real that is in
V),and put Q = {2 : 3y € (P)s, 2 = f(x0,y)}. Clearly Q is a perfect set (since
(P)xo is and f is one-to-one) and pI- & & @ (since xg is not Sacks-generic).

In spite of this counterexample, the basic idea in the Proposition 18 is sound and
in the sequel we will look for a largeness condition on @ such that Proposition 18
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is true for the iteration as well. Then we will require that K is such that for some
z € 2¥, PN (K + z) satisfies this condition.

We begin with a review of well known properties of Sacks forcing and its itera-
tions.

Sacks forcing S is defined as the collection of perfect subtrees of 2<% ordered by
inclusion (we write T' > T to indicate that T C T"). We will often identify a tree T
with the corresponding (perfect) set [T] consisting of its branches, and use letters
D, g, etc. to refer to these perfect sets. Given a closed set p C 2%, we let split(p) be
the set of s € 2<% such that s (0) and s (1) are both initial segments of members
of p. For each n € w, we let split, (p) be the set of s € split(p) having exactly n
proper initial segments in split(p).

For T,T' € S and n € w define

T>, T < T>T & Tin=T|n.

Lemmas 19-23 are taken from [2] (which in turn is modeled after [8]). Lemmas
19 and 20 are well known (see, for instance, pages 244-245 of [6]).

Lemma 19. Suppose that p € S and p ks © € 2. For every n € w there exist
q >n p and a continuous function F : [q] — 2% such that q ks & = F(g), where §
is the canonical name for the generic real.

Moreover, we can require that for every v € split,(q) and any 1,22 € [qy],
F(x1)[n = F(x2)[n.

Lemma 20. Suppose thatp €S, n € w and plkg & € 2¥. Let F : [p] — 2¥ be a
continuous function such that plrs & = F(g).

There exists ¢ > p such that F[[q] is constant, or there exists ¢ >, p such that
F[q] is one-to-one. In particular, the generic real is minimal.

For each ordinal v < ws, we let S, denote the countable support iteration of S
of length 7. So S, is the set of functions p such that

(1) dom(p) =1,
(2) supp(p) = {8 : p(B) # 0} is countable,
(3) VB <~ plBls, p(B) €.

For F € [y]<¥, n € w, and p,q € S, define

q>rnp <= q>p& VB e F qIf ks, q(B) >, p(B).

For p € S, let cl(p) be the smallest set w C 7 such that p can be evaluated using
the generic reals (g : S € w). In other words, cl(p) consists of those 8 < v such
that the transitive closure of p (as a set) contains a Sg-name for an element of S.
It is well-known [12] that {p € S, : cl(p) € [y]S*} is dense in S,.

Suppose that p € S,, w = cl(p) is countable and v, = ot(cl(p)). Let S, be
the countable support iteration of S with domain w. In other words, consider the
countable support iteration (Pg, Qg : B < sup(w)) such that

VB < sup(w) IFp, Qﬁz{ § ig;g

It is clear that S,, is forcing-equivalent to S, . Moreover, we can view the condition
p as a member of S,,.
Let v be a countable ordinal and p € S,. Define p C (2¥)7 as follows:
coverin_perfect39.tex, January 20, 2015 Time: 10: 27
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(xp: B <) epif for every § < 7,
25 € [p(B) [z, 17 < B)]].

Note that p(8)[(zy : v < B)] is the interpretation of p(3) using reals (z, : v < )
so it may be undefined if these reals are not sufficiently generic.
For a set G C (2¢)7, u C v, and = € (2¥)" let

(Qe={ye@)\":32eGzlu=2z& 2z/(y\u) =y},

and for 5 € v let (G)g = {z(B) : v € G}.
We say that p € S, is good if

(1) p is compact,

(2) for every f < v and z € p|B, plz] = (D), and p(B)[z] = ((D)z)s-
(3) p is homeomorphic to (2¥)7 via a homeomorphism h such that for every

B <~ and z € p|fB, h[((P)z)s is a homeomorphism between ((p),)s and
2%,

Lemma 21. {p €S, : p is good} is dense in S,.

From now on we will always work with conditions p such that p is good.
As in the lemma 19 we show that:

Lemma 22. Suppose that p € S, and p ks, @ € 2¥. Then there exists ¢ > p and a
continuous function I : p — 2¥ such that q lks & = F(g), where g = (gz : B <)
is the sequence of generic reals.

The following lemma is an analogue of Lemma 20.

Lemma 23. Suppose that p € Sy, n € w and p ks, & € 2¥. Let F : p — 2% be
a continuous function such that p Irs @ = F(g), where § = (gp : B < ) is the
sequence of generic reals. There exists ¢ > p such that exactly one of the following
conditions hold:

(1) F|q is constant,
(2) F'Iq is one-to-one.

5. A RANK FUNCTION

In this section we will work towards formulating a correct version of Proposition
18. Let K be a perfect subset of 2¢ and fix a tree T such that K = [T].

Our main objective is to find property of K which will lead to the following
dichotomy:

Suppose that V = GCH is a model containing K. Either

Ve = K+ (VN2¥) =2
or, in all outer models of ZFC,
VX C2¥ (|X] < 2% — K + X #2%).

We need only look at iterations of Sacks forcing of countable length.

Lemma 24. The following are equivalent for a model V |= GCH:
(1) V82 E K + (VN2w)=2%,
(2) for every vy < wi, VS = K + (VN2Y) = 2%,
coverin_perfect39.tex, January 20, 2015 Time: 10: 27
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Proof. Tmplication (1) — (2) is obvious. To show that (2) — (1) observe that every
real in V5«2 depends only on countably many Sacks reals. If G C S,,, is a generic
filter over V and z € V[G] N 2“ then there exists a countable ordinal v and a
H C S, generic filter over V which belongs to V[G] such that « € V[H]. It follows
that V[H] = 32 € 2 NV = € K + z and, by absoluteness, the same holds in
V[G]. O

Definition 25. For v < w; let Q4 be the collection of triples p = (p, F,T) where
p €S, is good and F: p — [T] is a homeomorphism.

Elements of Q. represent S,-names for real numbers. By Lemma 22, when
plrs, & € 2¥ we can find a homeomorphism F': p — P such that p IFs. & = F(g),
possibly after passing to a stronger condition.

By combining F' with a homeomorphism between p and (2¥)7, we can assume
that all elements of Q., are of form ((2¥)7, F,T). This is equivalent to the home-
geneity of S,,.

Since F' is a homeomorphism, every branch of T reconstructs the entire generic
sequence of v Sacks reals.

Definition 26. Suppose that (p, F,T) € Q. For u € split(T') let proj,(u) be the
portion of a-th Sacks real computed by w.

The notation proj,, (u) suppresses the parameter (p, F,T), which will be clear in
context. Since [u] is a clopen set, proj,(u) # () only for finitely many o < . More
precisely, we have the following:

Lemma 27. For every u € split(T) there is A, € [y]<¥ such that
FY[u]) ={z €p:Va € A, proj,(u) C z(a)}.
Let R C (2<¢)7 be the tree generated by the family
{{proj, (u) : « € A,) : uw € split(T)}.
It is easy to see that
Lemma 28. (z,:a<7v) €D < Ya <y Vn z,In € R(a).
Lemma 29. Suppose that (p, F,T) € Q.. For every v € split(T), and any 6 € ~y
there are nodes to,t; € split(T) such that
(1) v Cto,t1,
(2) projs(to), projs(t1) are incompatible,
(3) proj,(to) = proj,(t1) for a <.
Proof. Let A, € [y]<¥ be such that F~1[v] = {z € p: Va € A, proj,(u) C z(a)}.
Choose two branches xg,z; € F~1[v] such that zg(a) = z1(a) for all @ < § and
x0(0) # x1(8). Recall that we assumed that & depends on all Sacks reals so this is
always possible. Now F(zp) and F(x1) are two branches extending v. Let n € w
be so large that projs(F (zo)[n), projs(F(x1)[n) are incompatible.

Now let tg = F(zo)In and t; = F(x1)[n. Since zo(a) = z1(a) for o < 9, it
follows that proj, (to) = proj,(t1) for all o < 6. O

In the proof above, n may have to be quite large to determine that xq(d)[n #
x1(0)[n, and its value depends on F' and T. To illustrate this point suppose that
we are dealing with just two Sacks reals and # is a name for the sum of them. Even
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if we know that the first digit of & is 0 we only know that the first digits of both
Sacks reals are the same. It depends on the tree 7" how far we have to extend v to
determine the value of the first digit of either Sacks real.

Definition 30. Given a tree T C 2<% we let obj(T) be the collection of triples
x = (ng,te, Sz) such that
(1) ny € w,
(2) tz C T is a finite tree whose all mazimal nodes have length ng,
(3) sy €27,
For x = (ng, ty, $g) and y = (ny, ty,s,) we say that x >y if
(1) ng > ny,
(2) t,N2™ =t,,
(3) sy C s5.
Let 0 be (0,0,0), the smallest element in obj(T).

The following definition is modeled after Lemma 29.

Definition 31. Suppose that
ﬁ: (vavT) € Qvf
€= (nmtmsac) is in ObJ(T>7
v 1s a maximal node of t,;
£<7.
We say that y is a response to (P, z)-challenge (v,§) if
(1) y =,
(2) there are mazimal nodes to,t1 € t, such that
((l) v g t07 tl:
(b) projgﬂ(to),. proj£+1(t1). are incompatible and
(¢c) ¥¢ < & proj(to) = proje(t1).

Definition 32. Suppose that p = (p,F,T) € Q, and K = [T] is a fixed compact
set. The rank function rky : obj(T") — w1 U {oo} is defined as follows.
(1) tky(x) =0 if tp + 5, € T N2"=,
(2) rkz(xz) > a > 0 if for every B < «, and every (P, x)-challenge (v,§) there
exists a response y € obj(T') with rkz(y) > .

In other words,

rkp(x) = rgnin {nrlg sup{rkz(y) +1:y >z, y responds to (p,x)-challenge (v,&)}.
<y vEtN2nw

Let rky(x) = oo if rkp(z) > « for all a.
Remark 33. Forp'= (p, F,T) € Q,, the members of obj(T) are hereditarily finite,
and the function rky depends only on obj(T") and p. It follows that rky takes the same
values in every wellfounded model of ZFC containing p. Similarly, the existence of

a countable ordinal v and p € Q. such that the corresponding rank function rky
takes value y at 0 is a X3 statement, so absolute to models of ZFC containing w .

Lemma 34. If x <y then rky(x) > rkz(y).
Proof. If (v,€) is a (P, y)-challenge then (v[n.,§) is a (P, z)-challenge. O

Lemma 35. Suppose that x € obj(T) and y > x is a response to (p,x)-challenge
(v,€). Then there exists a minimal x <y’ <y which responds to (v, ).
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Proof. Suppose that = (ng,t3,s,) and y = (ny,ty, s,). First find n, < n, <n,
such that tg[n,/,t1n, are still responses to (v,£). Let ¢, consist of these two
nodes plus one extension of length n,s for each maximal node of ¢;. O

Observe that in the definition of rank we can limit ourselves to extensions that
are minimal in the above sense.

EXAMPLES rkz(0) = 1 if there exists £ < « such that for every n € w, if to,t; € 27
and

(1) projesq(to) # Projesq(t1) and
(2) V¢ <& proje(to) = proje(t1),
then
—ds € 2" tg+s,t1 +s € Tnom

In other words, for every response y to (7, 0)-challenge (0, ), rky(y) = 0.

For arbitrary z = (ng,ts, s;) the same holds except that the (p,x)-challenge
would be of form (v,€) for some v € t, and then we also require that v C tg, 1,
sz € sand n > nyg.

Similarly rkz(0) = 2 if for every (p, 0)-challenge (0,&) there is a response y > 0
such that rkz(y) = 1.

Lemma 36. Suppose that rky(z) = oo and § < . Then there exists y > x such
that

(1) rkp(y) = oo,
(2) for every mazimal node v € t,, y responds to the (P, x)-challenge (v,§).

Proof. Let vy,...,v, be a list of maximal nodes of ¢,. Let zg = x and define by
recursion a sequence 1, ...,z =y such that for every i < k,

(1) zip1 >y,

(2) rkp(xi) = oo,

(3) for every j >, v; has a unique maximal extension vi in ty,,

(4) 441 is a response to the (7, 2;)-challenge (v, ,,§).

If x; is already constructed then by the induction hypothesis v; has a unique

extension v} in z;. Let x;41 be any maximal extension of x; responding to (v}, &)
with rkz(zi;1) = co. It is easy to see that y = x;, has required properties. O

The definition of rank depends on the set K. The following examples relate it to
the concepts from previous sections. The two lemmas below follow from the general
theorem which we are aiming to prove but here we will provide a direct argument.

Lemma 37. Suppose that p= (p, F,T) and rkz(0) = co. Then there exists z € 2
such that K N (z + [T1]) is uncountable. In particular, if rkz(0) = oo then K is not
small.

Proof. Suppose that rkz(0) = co. Recursively construct a sequence (xy : k € w)
such that for every k,
(1> Tr = <nwk’t$kvs$k>7
(2) zpy1 > xg,
(3) rha(or) = oo,
(4) xp41 responds to all (p, xx)-challenges (v, 1) for each maximal node v € t,, .
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For the step (4) we use Lemma 36 with { =1. B
Let T = U, te, and z = U, 54, It follows that T is a perfect tree and [T] C

T)+ z. O

Lemma 38. Suppose that K is big". Then rkz(0) = oo for all v < wi and all
FeQ,.

Proof. Fix v < wy and let p'= (p, F,T) € Q.. It suffices to to find a tree 7" C T
and a real z € 2 such that
(1) [T C[T] + =,
(2) for all v € split(T”) and all § < ~ there are nodes g, t; such that
(a) v Ctg, 1y,
(b) projs,1(to), projs,,(t1) are incompatible,
(c) ¥n <6 proj,(to) = proj,(t1).
If we succeed in finding such 77 and z then for every = = (ng,t.,s,) € obj(T)
satisfying
(1) t, CT' N2"=
(2) s Cz
we have rky(z) > 0. Consequently, rky(z) = oo.

We will refine the argument in Lemma 7. Let {7, : n € w} be the enumeration
of v. We build inductively a function f € w<“ and find reals {ys : s € W< & s(i) <
f(@) for i < |s|} and a sequence of integers {k, : n € w} such that

(1) cd({ys : s < f}) is a perfect set,
(2) @Y\K)+{ys:s<f, |s|] <n}#2¥fornecw,
(3) for every t € {yslkn : s < f, |s| < n} and every n,,,, m < n there are reals
Ys—i,Ys—; with ¢, 7 < f(|s]) such that
(a) tC Ys~isYs—j»
(b) projnmﬂ(ysﬁi [knt1), Proj, 1 1(ys—jlkny1) are incompatible,
(C) Vv < Nim Projn(ysm' Fkn-i-l) = projn(ys"j rkn-&-l)-

Suppose that {ys : s < f,|s| < n} are given. For each already constructed real
and each 7,,, m < n we need to construct two reals satisfying (3). This requirement
determines the value of f(|s]). Condition (1) is guaranteed by (3) and condition (2)
will be satisfied as long as for every i < f(|s]), ys—~il7(s)) € {¥s[irqs)) 15 < fol8] <
n} where j is the function from Definition 6. Finally, reals ys~; for ¢ < f(|s|) can
be found using lemma 29, and lastly k,41 can be chosen large enough so that (3)
holds.

Arguing as in Lemma 7 we find z € 2% such that {ys : s < f} C K + 2. Let
T’ be a tree such that [1”] is the closure of {ys : s < f}. Observe that 7’ has the
required properties. (I

The following theorem is a refinement of Theorem 5. It characterizes sets K that
require than continuum translations to cover 2%.

Theorem 39. Suppose that K is a compact subset of 2¥. If for some v < wy there
is p'€ Q. such that rk;(0) < wy then 2% is not covered by less than ™ translations
of K.
If for every v < wi and every p € Qn, rkz(0) = oo then for a model V = GCH,
Vi = K 4 (VN2¥) =2%.
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6. THE CONSISTENCY RESULT
In this section we will show the second part of Theorem 39.

Theorem 40. If for every v < wi and every p € Q,, rkz(0) = oo then for a model
V = GCH,
Ve = K 4 (VN2¥) =2%.

The proof of this theorem will occupy the rest of this section. As we already

remarked earlier it suffices to show that for every v < wi,
VS E K+ (VN2v)=2v

Fix v < w;. We have to show that for every real z € VSv N 2% there exists
z € VN2¥such that z € K + z.

Suppose that z € VS N 2¥. Without loss of generality, # depends on all Sacks
reals, that is v is minimal. We can find p' = (p, F,T) € Q, such that p IFg,
& = F(g), where g = (gg : 8 < 7) is the sequence of Sacks reals. As before we
can assume that p = (2*)?. We need to find ¢ € S, and z € V N 2¥ such that
qlrs, @ € K + z. We will construct sequences (xx = (g, by, S2,,) + k € w) and
(& - ke w) such that

(1) V€ <y 3%k & =¢,

(2) $k+1 = T,

(3) rkp(zx) = oo,

(4) xp41 responds to every (p, x)-challenge (v, ).

Suppose that zj is already constructed. To get xx11 apply Lemma 36 with
E = .ng; ~

Let T = U, tzp and 2z = |y, 8z, It follows that [T] + 2z C [T] = K, that is
[T) C K + 2.

Lemma 41. There exists q € S, such that ¢ = F~([T)).

Proof. This lemma finishes the proof, as ¢ IFs @ € [T] C K + =.

Let @ = F~Y([T]), we want to show that there is ¢ € S, such that § C Q. It
suffices to show that for every 8 < v and every x € (2¢)%, ((Q).)s is a perfect set
provided that ((Q)z)s # 0. In other words, whenever x simulates the first 5 Sacks
reals, ((Q)z)p is supposed to be a Sacks condition determined by z. Note that
((Q)z)p is a closed set, so it a set of branches of some tree. Choose a v € 2<% such
that [v] N ((Q)x)s # 0. It remains to check that v has two incompatible extensions
to, t1 such [to] N ((Q)z)s # 0 and [tl] ((Q)z)s # 0. Let 2* € (2¢)7 be such that
x*[f =x and v C x*( ) and let y* = F(z*). By Lemma 27 for each n € w there
is A, such that F~([y*|n]) = {z : Va € A,, proj,(y*In) C z(a)}. Let n and k be
chosen so large that

(2) v C projz(y*In),
(3) y*In is a maximal node in ¢, .
In other words, at this step we will produce nodes tq, t; such that
(1) y*In C to, t1,
(2) projs(to), projg(t1) are incompatible,
(3) V¢ < B projc(to) = projc(ts).
It follows that ¢y and ¢; are two incompatible extensions of v in ((Q)qg)3. O
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7. COHERENT CLUB-GUESSING PRINCIPLES

The argument in Section 8 uses the coherent club-guessing principle given by
Theorem 46 below. First we prove Theorem 42, a stronger version of the restriction
of Theorem 46 to the case of successors of regular cardinals. The material in
this section is entirely due to the third author, but the proof of Theorem 42 was
provided to us by Assaf Rinot. The sets C,, in Theorem 42 are not closed, but they
are cofinal. In Theorem 46 the condition of cofinality is dropped as well.

Theorem 42. Let A be a reqular uncountable cardinal, let < X be a limit ordinal,
and let S be a stationary subset of A\T consisting of ordinals of cofinality cof(9).
Then there exists a sequence (Cy | o < AT) such that for each club E C \T there
ezists an o € S such that

(1) sup(Co) = v,

(2) ot(Cy) =9,

(3) Csg =CoNp forall f € Cy,

(4) Co CSNE.

Proof. For each ordinal o < AT, fix an injection d,, : @ — A, and for each 8 < A, let
a? denote d'[B]. Then for each o < AT, (a | B < \) is a continuous, C-increasing
chain in [a]<* with union a. For each a@ < AT, let F,, be the set of v < X such that,
for all 8 € a?, ag = a2 N B. Then each F, is club subset of A.
Since 6 < A, club many ordinals below A of cofinality cof(f) contain a cofinal
set of ordertype 6.
Given a set £ C A1, and 3 < A, let F(8) be the set of all « € S for which the
following hold:
(1) B € Fa;
(2) ot(ENSNa)=uw;
(3) sup(ENSNal)=a;
(4) ot(ENSNal)=ot(al) contains a cofinal subset of ordertype 6.
Note that if E C E’ are subsets of A and 8 < A, then E(8) C E'(B).

Lemma 43. There exists a 8* < X for which E(8*) is nonempty whenever E is a
club in AT,

Proof. To prove the claim, suppose otherwise. Then for each 8 < A we may pick a
club Eg C A" for which Eg(8) = 0. Let E =[5, Es \ A. Since F is club in ¥,
we may fix an o € EN .S such that ot(ENSNa) = a.
As cf(a) < cf()\), the set D = {8 < X :sup(EN SNa?) = a} is co-bounded in
A. Furthermore, continuity entails that the set
D'={feD:ot(ENnSna’)=ot(a?)}

is club in A. Pick 8 € D'NF,, such that ot(af) contains a cofinal subset of ordertype
6. Then since E C Eg, we get that ot(Eg N SNafl) = ot(a?). So a € Ez(B),
contradicting the choice of E3. This completes the proof. ([l

Let 8* < A be as given by Lemma 43.

Lemma 44. There erists a club E* C A\t such that for every club D C \*, the set
{a € E*(8*) : a2 N E* C D} is nonempty.
Proof. To prove this, suppose otherwise. Then there exists a C-decreasing sequence

Gg : B <)) of club subsets of AT such that
B
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(1) Go = AT,

(2) for every B < A, the set {a € G5(8*) : a? NGz C Ggy1} is empty,

(3) for every limit ordinal v < A, Gy =5, Gg-
Let G = ﬂ6<>\ Gpg, and pick @ € G(8*). Then a € G(8*) for all B < A, hence
(@ NG 51 B < A) must be a strictly-decreasing sequence of subsets of al”, contra-
dicting the fact that |a | < A. This completes the proof. O

Let E* C At be as given by Lemma 44.

Lemma 45. There exists an ordinal 7 < X\ which contains a cofinal subset of
ordertype 0 such that for every club D C \*, the set {a € E*(8*) : a2 N E* C
D Aot(al") =7} is nonempty.

Proof. Again, to prove this, suppose otherwise. Then for every ordinal 7 < A which
contains a cofinal subset of ordertype 6, there exists a club D, C AT for which

{ae E*(8*):a® NE* C D, Aot(a? ) =7}
is empty. Let D be the intersection of these sets D.. By the choice of E* we may
pick an o € E*(8*) such that a® N E* C D. Let 7 = ot(a?"). Since a € E*(3*),

T contains a cofinal subset of ordertype 6, contradicting the fact 2" N E* C D,.
This completes the proof O

Let 7* be as given by the previous Lemma. As 7* contains a cofinal subset of
ordertype 0, we may fix a cofinal subset u C 7* of order-type 6. For each a < AT,
let

Co={Be€E"NSNal :ot(a) ) € u}.
Let us see that (C, : @ < AT) works. Suppose that we are given a club E C A*.
Applying the choice of 7*, pick a € E*(*) such that a? NE* C E andot(a?") = 7*.
Then:

ot(E*NSNal’) =ot(al") = 7*;
) ot(Cq) = ot(u) = 0.

This completes the proof. O

1) a€

(2) su (E*ﬂSﬂaﬂ) a;

(3) Co CE*NSNa’ CSNE;

(4) ﬂ*eFa,soforallfyeaﬁ Wehaveaﬁ =al Ny, and C, = C, N7;
(5)

(6

Given a set C of ordinals, and an ordinal 8 < sup(C), we let nextc(8) denote

min(C'\ (8 + 1)).
Theorem 46. Suppose that A is an uncountable cardinal, and let v be a countable
ordinal. There exists a sequence C = {Cq : a < A1} such that

(1) Va < A\t C,, C a,

(2) if B € Cy, then Cz =Cy NP,

(3) S ={a <\t :0t(C,) =~} is stationary,

(4) if E C AT is a club then the set

gd(E)={ae SNE:Vp €, [B,nextc, (8))NE # 0}

18 stationary.
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Proof. In the case where A is regular, this follows from Theorem 42, by replacing
each C, given there (with S as the set of all ordinals below A* of countable cofi-
nality) with C, N S for § minimal violating condition (2) of the statement of this
theorem (and leaving C,, as is if there is no such ).

We now prove the theorem assuming only A > wo, following the argument on
pages 93-94 of [11]. By Conclusion 1.7 and Claim 1.3 of [9], there exist a stationary
So C AT Neof(Ry) \ (w1 + 1), a club Ey € AT and a sequence (C2 : a < AT) such
that

(1) each C? is a closed subset of the corresponding c,

(2) each nonaccumulation point of each CY is a successor ordinal,

(3) whenever 3 € C is a nonaccumulation point of C3, C§ = C N f,
(4) for every a € Sp N Ep, ot(CY) = wy and o = sup(CY).

We may assume that Sp C Eg. Let (Cl : o < AT) be the sequence formed by
removing from each C? all of its accumulation points. Then (C} : o < AT) retains
properties (1) - (4), except that the sets C} need not be closed.

Given sets C, F, let gl(C, F) denote the set {sup(BNF): 5 € C AL > min(F)}.
By [10] (Sh365, Claim 2.3 (2), for id®), there is a club E; C AT such that for each
club E C Ej, the set of a € Sy for which ¢gl(CL, Ey) C E is stationary (otherwise
we can derive a descending w-sequence of ordinals from a C-decreasing ws-sequence
of club sets F, C AT, where each F, 41 witnesses that F is not as desired). For
each o € AT, let

C? ={BecCl:B=min(C}\sup(BNE1)) A B> min(E;)}.

Let us check that (C2 : o < A1) satisfies item (4) of the conclusion of the theorem
(using Sy, which will be a subset of the desired S). Fix F C AT club. It suffices to
consider the case where E consists of limit points of Fy. Fix o € So N E for which
gl(CL, E1) € E, and fix § € C2. Let ' = nextc2(8). Then § < sup(8' N E;) €
E N (since ' is a successor ordinal).

Finally, for each a < A*, let C,, = {8 € C? : ot(C2NB) < v}. Then the sequence
(Cq : v < AT) is as desired. O

Condition (4) implies that for stationary many « is S there is an element of
E between any two consecutive elements of C,. By removing the least element
of C, we can also assume that min(Cy,) N E # () whenever o € gd(E) and E is
a club. Observe that coherence condition (2) implies that for any «,8 € S, if
0 =sup(Co N Cg) then C, N = CNé.

Remark 47. Suppose C and v are as in Theorem 46, and that v is a limit ordinal.
Define C!, for a < \T by letting each C!, be the set of B € Cq for which the
ordertype of Caipha N B has the form § +n, for § either 0 or a limit ordinal, and
n € w even. Then {C!, : a < AT} also satisfies the conclusion of the theorem, with
part 4 strengthened so that

gd(E)={a e SNE:VBe€CC, (B,nextc, (B)NE #0}

is stationary. The corresponding strengthened version of Theorem 46 for nonlimit
can be obtained similarly, starting from a sequence C' corresponding to some ' > 7.
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8. THE ZFC RESULT

In this section we will prove Theorem 39, and the second half of Theorem 5
in the corresponding case. Since these follow easily from CH (since K is nowhere
dense), we assume otherwise.

To each sequence C as in Theorem 46 (for notational purposes, we may assume
that - is the maximal ordertype of elements of C', and thus that v is determined by

(') we associate an ideal J& on S (also determined by C') generated by {S\ gd(E) :
E C AT club}.

Lemma 48. The additivity of Jo is AT. In particular, cov(Jz) = AT.

Proof. Suppose that {I, : « < A} € Js. Find clubs E, C AT such that I, C
S\ gd(E,) for o < A. Note that (J, .\ Io € S\ gd(Naer Ea) € To- O

For each countable ordinal v we define an ideal J, on 280 as follows. If 2% is a
successor of an uncountable cardinal, that is if 2% = AT for some uncountable A
then J, = Jg&, where C is any sequence as in Remark 47 (so with the strengthened
version of part 4) with respect to .

If 2% is a limit cardinal then we fix an increasing sequence of uncountable
cardinals {\, : 7 < cf(2%0)} converging to 2% together with guessing sequences
{C_’w :n < cf(280)} as in Remark 47, with respect to 7. The ideal J, is then

defined on T, _ ¢y Ay as follows:

X eJ, < ¥ (X), chﬁ,
n

where (X), = {a: (n,«) € X}. Observe that in either case cov(J) = 2%°.

We say that a set A C 2¢ is J,-small if there exists a set ¥ = {y, : a < R0}
such that for every z € 2¥ {a < 280 1y, € 2+ A} € Jy. If Ais J,-small, then 2¢
is not covered by fewer than 280 many translations of A.

We can now rephrase Theorem 39 as follows.

Theorem 49. Let K be a compact subset of 2. If for some v < wy there isp € Q,
such that rkz(0) < wy then K is J,-small.

Let v < w1, p € Q, be such that rkz(0) < wi. Without loss of generality we can
assume that p= ((2*)7, F,T) for some tree 7" and homeomorphism F.
Fix a cardinal A such that 2% > )\ > Ny, and a set of distinct reals
X ={ze: E< AT} C2v,
Let C = (Cy : @ € A*) and S be as in Remark 47, with respect to v. For each
a €S let
Yo = F((zs: f € Ca)),
and let Y = {y, : @« < AT}. Since each C, for a € S has order type v,
(xg: feCy)) € (29),
so the reals y,, are well defined.
Now the reals y, are defined in such a way that

U{projé(ya [n):ncw}l=umxe,
where £ is the §-th element of C\,. In other words, reals from X pretend to be Sacks
reals.
For each z € 2% let S, ={a €S :y, € K + z}.
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Theorem 50. For every z € 2¥, S, € J&.

Theorem 49 follows immediately. If 2% = A+ for some uncountable A then
Jy=Je. If 20 ig a limit cardinal then Ty = Hn<cf(2N0) ‘7@ . and the component

Je, N witnesses that at least )\j, translations of K are needed. Since sup{)\; n<

cf(2%0)} = 2% we are done.
The rest of this section is devoted to the proof of Theorem 50. Supposing that
the theorem is false, we let 2z* € 2“ be such that S,« & J&.

Lemma 51. The set gd' (E)N S.- is stationary for every club E C \*.

Proof. If gd'(E) N S.- N E’ = () for some club E’ then gd'(ENE)NS,. = 0. In
particular S,+ € J&. O

Lemma 52. There exists a perfect tree Q C 2<% such that for every node t € Q
{a €St Cya} & Te

Proof. Let Zg = {ya : @ € Suc} = {Ya : Yo € 2" + K}. By the Cantor-Bendixon
theorem there exists a perfect tree Qo C 2<% and a countable set Cy such that
cd(Zy) = [Qo]UCy. Fort € Qg let Sy = {a € S,+ : t C yo} and let

Q1 ={tcQo:S: &Jc}

Note that ) is a tree without terminal nodes.

Let Z; = [@Q1]. If Z; is uncountable then by applying the Cantor-Bendixon
theorem again we get a perfect tree @ such that Z; = [Q]UC}. The tree @ has the
required property.

Suppose otherwise and let Ey = AT\ {a: yo € Z1 UCp} and for t € Qo \ Q1 let
E; be a club of AT such that £, NS, = 0. Put E = Ey N mter\Ql E,. Tt follows
that S,« N E = 0, a contradiction. O

Lemma 53. There exists a sequence (E¢, Ng 1 & <wy) such that for each & < wy,
(1) E¢ is a club subset of AT,
(2) E:f < m<<§ Ee,
8) N¢ is a sequence (N¢ o @ € E¢) such that for each o € Eg,
3 &, 3 3
(a) Neo < H(AT),
(b)) \+1C Neo, 25,C.T,Y € N¢ o,
(¢c) [Nea| = A,
d) for all B € aNE¢, Negg C Ne o, and if « is a limit point of E¢ then
( e, Nep © Ne, 3
Ne.o = Ugeane, Ne.s:
(e) for all B < a, (Nes:d € SNEe) € Ne g,y

(f) {E¢: ¢ <&} € Neas
(9) NeoNAT =a.

Observe that (3)(f) is the only condition imposing dependence between different
sequences N¢.

Proof of Lemma 53. Suppose that (N¢, E¢) for ¢ < € are already given. Let {N, :
a < A1} be a continuous sequence of models satisfying condition (3)(a)-(f). Let C
be

{a: NoNAT =a}.
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Since (N, : @ < A*) is continuous, C'is a club. Put Eg = C N[, E¢ and let
Ne = {N, : a € E¢}. Observe that E¢ and N¢ are as required. O

Definition 54. Suppose that p= (p, F,T) € Q. A triple (x,&, &) is suitable if
(1) © = (ng,ty, sz) € obj(T),
(2) Sy = 2" fnm
(3) rkp(z) <&,
(4) @ = {ay:v € t,; N2") is such that
(a) for each v € t; N 2", a, € gd'(E¢) N S,
(b) v g y()év'

Recall that «, € S,» means that y,, € z* + K. Observe that if rkz(0) < & then
(0,&, ayy) is suitable whenever a(y € gd'(E¢) N S.+. The following lemma gives the
desired contradiction.

Lemma 55. If (z,§, &) is suitable then there exists a suitable (y,(, &) such that
y>zand ( <.

Proof of Lemma 55. Suppose that (z,¢,a) is suitable. Since rky(z) < & there
exist ¢ < & and a (P, x)-challenge (v,d) such that rky(y) < ¢ for every y € obj(T)
responding to (v, d). To finish the proof it suffices to find one such y, and a sequence
@, as in item (4) above such that (y, ¢, &, ) is suitable.
Let v* be the d-th element of C,, and v** the (6 + 1)-th element of C,,. Let Z
be the collection of all pairs (7', a’) such that
(1) o €gd (Ec)NS,-,
(2) 7" € Cu,
(3) ' is the (0 + 1)-th element of C,,
4) v Cyy.
Then
(1) for all (v/,a) €Y, Cor Ny* = Cqu, Ny = Cys,
(2) (v"*,a) € Z.
Since a, € gd'(E;) it follows that there is ¥ € (v*,7**) N E¢. Then all parameters
from the definition of Z are in V¢ 5.

Lemma 56. Let F ={v':3a (7/,a’) € Z}. Then F is unbounded in \*.

Proof. If F were bounded it would be the same set in N¢ 5 as in H(A*"). However,
v € F,and v** € N¢ 5. O

Fix 74/ € F such that 7/ # ~**, and let o/ be such that (7/,a') € Y. Since
v* € Co NC,, it follows that C, Ny* = C,, Ny* and since v* is the §-th element
of C,, the first § elements of C'v and C,, are the same. Recall that each y, was
defined to be F({(xs : 8 € Cy)). Consequently,

UH{pro, (gar 11) - n € w} = J{proi, (ya, [n) :n € w}

for n < 4. On the other hand since the (§ 4+ 1)-th elements of C, and C,, are
different

(UHproissi(var 1 1) i n € w} # (H{projssi(va, [ 1) :n € w}.
Define y > z as follows. First find n, € w such that

Pr0j5+1(ya’) Iny # Pr0j5+1(yav) [0y
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Next let s, = 2*[n,. Let t, = {y,[ny} U{ya,Iny : w € t; N 27=}. Finally, let

Qy

= {ay, :w € t, N2™} be defined as follows:

o ifw =y lny

Qy = a, ifw=yqa,lny
as if w =y, In, for s € t, N2" \ {v}
By the choice of n,, the node v gets two distinct extensions, ¥/, [n, and yq, [7y,

and one is assigned o’ and the other «,,. All other nodes follow appropriate reals
and have the same ordinals assigned to them. O
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